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Abstract

This document lists in a compact way all the rewrite rules used in the constraint
solver for L.y, a constraint language which provides extensional finite sets, binary
relations and integer intervals, along with basic operations on them. L, is the
combination of: Ly rs (the Boolean algebra of hereditarily finite hybrid sets), Lar
(a language for finite binary relations encoded as sets of ordered pairs), £}, (which
extends Ly rs with the cardinality operator), and £} (which extends £.| with integer
intervals). The constraint solver for L.} takes the form of a rewrite system acting on
{-}-formulas, i.e., quantifier-free conjunctions and disjunctions of positive and negative
{-}-constraints. A {-}-constraint is any atomic predicate based on a set of predicate
symbols II, respecting the sorts.
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1 Conventions and notation

The set of primitive predicate symbols II is composed by the following collections of sym-
bols:

e {=,#} (equality/inequality constraints)

{€,un, ||, C, inters, diff , size} ((positive) set constraints)

{id, inv, comp, dom, ran, dres, dares, rres, rares, apply, rimg, oplus, cp} ((positive) re-
lational constraints)

{¢, nun, |}, nsubset, ninters, ndiff , nsize} (negative set constraints)

{nid, ninv, ncomp, ndom, nran, ndres, ndares, nrres, nrares, napply, nrimg, noplus, ncp}
(negative relational constraints)

{pair, set, rel, pfun, integer, npair, nset, nrel, npfun, ninteger} (sort constraints).
o {<, <>, >}

We will call 7-constraint any literal 7(z1, ..., x,) where 7 is a symbol in II.
A rewrite rule for w, m € I, is a rewrite rule of the form:

o — P

where ¢ is a m-constraint and @ is a {-}-formula. If ® has more than one disjunct then
the rule is non-deterministic. Conjunctions occurring in ® have higher precedence than
disjunctions.

A rewriting procedure for m-constraints consists of the collection of all the rewrite rules
for m-constraints. For each rewriting procedure, the solver selects rules in the order they
are presented (see figures below). The first rule whose left-hand side matches the input
m-constraint ¢ is used to rewrite ¢. If no rules applies to ¢, then ¢ is left unchanged (i.e.,
¢ is irreducible). Note that rule selection is based on pattern-matching, while equality (=)
in rule bodies represents set unification.

L.y defines also three sorts Set, Int and O which, intuitively, represent the sort of set,
integer and and non-set, non-integer terms, respectively. For notational convenience, the
following synonym is also defined: U = O U Set U Int.

Notational conventions
e )V denotes a denumerable set of variables partitioned as V = Vgo: U Vo U Vs

e variable names n and N (possibly with sub and superscripts) are used to denote fresh
variables of the proper sort;

e 1) =ty (resp., t; # t2), for any terms #; and #y, means that ¢ is syntactically identical
to (resp., distinct from) fy;

e i, for any name z, is a shorthand for z € V;



e vars(ty,...,t,) denotes the set of variables occurring in 1, ..., t,.

e () denotes both the empty set and the interval [k, m] where k& and m are constant
integer numbers and m < k.



2 Sort inference rules

This section lists all the rules applied by procedure sort_infer for inferring sort constraints.

2.1 Sort inference rules for (positive) set constraints

If t,u,v : U then:

t€u—1t€uA set(u) (infy)
un(t, u,v) — un(t,u,v) A set(t) A set(u) A set(v) (infs)
tlu—t]| uA set(t) A set(u) (infs)
tCu—tCuA set(t) A set(u) (infy)
inters(t, u,v) — inters(t,u, v) A set(t) A set(u) A set(v) (infs)
diff (t, u, v) — diff (t, u,v) A set(t) A set(u) A set(v) (infg)
size(t,n) — size(t,n) A set(t) A integer(n) (inf7)

Figure 1: Sort inference rules for (positive) set constraints



2.2 Sort inference rules for (positive) relational constraints

If t,u, v : U then:
inv(t,u) — inv(t,u) A rel(t) A rel(u) (infg)
comp(t, u,v) — comp(t,u,v) A rel(t) A rel(u) A rel(v) (infy)
id(t,u) — id(t, u) A set(t) A rel(u) (infyp)
dom(t, u) — dom(t,u) A rel(t) A set(u) (infq1)
ran(t,u) — ran(t, u) A rel(t) A set(u) (infy2)
dres(t,u,v) — dres(t,u,v) A set(t) A rel(u) A rel(v) (infy3)
rres(t, u, v) — rres(t, u, v) A rel(t) A set(u) A rel(v) (infq4)
dares(t, u, v) — dares(t,u,v) A set(t) A rel(u) A rel(v) (infys)
rares(t, u, v) — rares(t, u, v) A rel(t) A set(u) A rel(v) (infy6)
rimg(t, u,v) — rimg(t, u,v) A rel(t) A set(u) A set(v) (infy7)
oplus(t, u,v) — oplus(t, u,v) A rel(t) A rel(u) A rel(v) (infys)
apply(t, u, v) — apply(t, u, v) A rel(t) (inf1g)
ep(t, u, v) = ep(t, u,v) A set(t) A set(u) A rel(v) (infa)
rel(t) — rel(t) A set(t) (infa1)
pfun(t) — pfun(t) A rel(t) (infag)

Figure 2: Sort inference rules for (positive) relational constraints

2.3 Sort inference rules for negative constraints

The sort inference rules for negative constraints are basically the same used for the positive
case, but each predicate name is replaced by its corresponding negative counterpart.

2.4 Sort inference rules for integer constraints

The sort inference rules for integer constraints conjoin an integer constraint for each of the
involved arguments. For example, a < b — a < b A integer(a) A integer(b).



2.5 Sort inference rules for set terms

In addition, the function find_set is used to find set terms, possibly occurring inside other
terms, and to generate the corresponding set constraints. The definition of find_set is
shown in Figure 3. We assume that all the true constraints possibly generated by find_set
are immediately removed via a trivial pre-processing.

find_set(t) :
if t =X or ¢ is a constant symbol then return true;
if t=f(t,...,tn), n>0,and f #{|}
then return find_set(¢;) A - -+ A find_set(%,);
if t={t1,...,tn |t}
then return find_set(#;) A - - - A find_set(t,) A set(t);

(2.1)

Figure 3: Finding set terms

Remark 1 Ly, does not provide any sort declarations. Hence, literals in the input formula
may be ill-sorted (e.g. x € 1). All ill-sorted literals are detected by the solver at run-time
and cause the input constraint to be rewritten to false. Ill-sorted literals are detected either
by some rewrite rule (e.g., un(1,2,0) is rewritten to false thanks to rule (Us)), or by sort
constraints.

Sort constraints are added to the input formula either by the user or automatically by
the solver through the procedure sort_infer which applies the rules shown in this section.
For example, if the input formula is x € 1 then it is rewritten to x € 1 A set(1) by rule
(infy); in the further processing of this formula, literal x € 1 is found to be irreducible since
no rewrite rule for €-constraints applies to it (see Fig. 7), while literal set(1) is rewritten
to false by the rewrite rules for set-constraints (see Fig. 26); hence, the whole formula is
rewritten to false.



3 Rewrite rules for equality constraints

3.1 Equality

Syntaz: t; = to.
Informal semantics: t, and t, are equal.
Rewrite rules: see Fig. 4-5.

Ifz,y,t,z;,y; : U; A, B:Set; k,m,i,j: Int then:
T =T — true
IftgVit=c 2=t
If Advars(zy,. .., xp): A={z,...,0nuA} = A={z,...,2,uN}
If & € vars(t): © =t — false

If & occurs in other literals of the input formula:

& =t — & = tand substitute & by ¢ in all other literals
0=1[k,m]— [k,m]=0
k,m]=0—m<k
{zu A} =[k,m] — [k,m] = {zu A}
[k,m]={zuA} = {z v A} C[k,m] A size({zu A}, m —k+1)

Iffiég f(xla"'am’n):g(yl7"'7ym)_>false

Figure 4: Rewrite rules for =-constraints (first)

Irreducible form:

e 7 =t and neither ¢ nor the other literals of the formula contain %.




If z,y,z;,y; : U; A, B :Set; k,m,i,j: Int then:

Ifjeln{e, .  emudl={y,...,ynuA} =
il?lZyjA{$27...,$muA}:{yl,...,yj,l,yj+1,...,ynuA}
\/xl:yj/\{$1,...,;1:m|_|A}:{yl,...,yj_l,yj+1,...,ynuA}
\/lezyj/\{:Eg,...,q:muA}:{yl,...,ynuA}
VA={zmuN}A {2, ..., 2m N} ={y,...,yn u N}

{zuvA} ={yu B} —

r=yNA=DB
Ve=yA{zuAd}=B
Ve=yANA={yuB}
VA={yuN}A{zuN} =B
hym)=lij] > (k<mAi<jAk=iAm=j)V(m<kAj<i)

flo, oo m) =f(y, oo otn) 2T = A A2y = yn

(=12)

—~
|
~—

—13

—~

:14)

Figure 5: Rewrite rules for =-constraints (second)




3.2 Inequality

Syntax: t| # to.
Informal semantics: t; is different from 5.
Rewrite rules: see Fig. 6.

Ifz,y,t,z;,9; : Uy A, B : Set; k,m, i,k : Int then:

T # & — false (#1)
IftgV:it£i—i#t (#2)
If A¢ vars(zy,..., z,):

A#{wy,. .., zqud} 52 ¢ AV -V, ¢ A
If & € vars(t):x # t — true (#4)
{ruA} #{yu B} —

(Ne{zuAYAN¢{yuB)V (N¢{zuA} AN €{yuB}) (#s)
[k, m] # [i, 5] — (#6)
(k<mA(m#jVj<iVk#i)V({E<jn(m#jVm<kVk#i)
[ # [ — false (#7)
f@, @) # (e yn) 2T F Vo Vo, £ Yy (#s)
Ifm % n: flan,. ... 2m) # gy, yn) — true ()
0 # [k, m] — [k,m] #0 (#10)
[k,m]#0—k<m (#11)
{zu A} # [k, m] = [k,m] #{zuA} (#12)
[k,m] #{yu B} — (15)
(Nelk,m]AN¢{yuB})V (N ¢[k,m]ANe{yuB})
IfZg fla,....om) # 9(y1, ..., yn) — true (#14)

Figure 6: Rewrite rules for #-constraints

Irreducible form:

e ¢ # t and % does not occur neither in ¢ nor as an argument of any predicate p(...),
p € {un, C, inters, dom, ran, id, inv, comp, size}, in the input formula.



4 Rewrite rules for (positive) set constraints

4.1 Membership

Syntaz: t; € to.
Informal semantics: if 1y is a set, then #; is a member of to.
Rewrite rules: see Fig. 7.

If ,y: U; A:Set; k, m : Int then:
xz € (0 — false
ze{yud}—saz=yvzed
te€A—A={zuN}

ze€[k,ml>k<z<m

Figure 7: Rewrite rules for €-constraints

Irreducible form: none.
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4.2 Union

Syntaz: un(ty, ta, t3).
Informal semantics: if t;, to and t3 are sets, then t3 = t; U t5.
Rewrite rules: see Fig. 8-10.

If x:U; A B, C : Set then:
un(A,A,B) - A=RB
un(A,B,0) > A=0AB=10
un(@,A,B) - B=A
un(A,0,B) - B=A
ItAZ] ]
un({zu C}, A, B) —
(I ¢A/\ UTL(N1,A,N) \/A:{.I’UNQ}/\ un(Nl,NQ,N))
AMzuC}={zuN}AB={zuN}
IfAZ] ]
un(A,{z v C}, B) -
(x ¢ ANun(Ni, A,N)V A= {zu N} A un(Ny, Ny, N))
AMzuC}={zuN}AB={zuN}
IfA#],]and B # [, ]:
un(A, B,{zu C}) —
(A={2zuN;} A un(Ny, Ba, N)
V B={zuN} Aun(A, N, N)
\/A:{xuNl}/\Bz{xuNQ}/\un(Nl,Ng,N))
ANzuC}={zuN}

Figure 8: Rewrite rules for un-constraints (first)
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If A, B :Set; k,m,i,j:Int; A#[-,:] and B # [, -] then:

un([k, m], A, B) —
m<kNA=B
VEk<mANCI[k,m]A size(N,m —k+1) A un(N, A, B)

un(4, [k, m],B) —
m<kANA=DB
VE<mANCk,m]A size(N,m—k+1) A un(A, N, B)

un(A, B, [k, m]) —
m<kNA=0ANB=10
V(k<mANCl[k,m]A size(N,m —k+1) A un(A, B, N))
un([k, m],[i,7], A) —
(m<kANj<iNA=0)
V(m<kANi<jAlij]=A)
Vk<mAj<iAl[k,m]=A)
VkE<mAi<y
ANy C [k, m] Asize(Nl,m—k+1)
A Ny C [4,§] A size(Na,j — i +1)
A un(Ny, Ny, A))
un([k, m], A, [i,7]) —
J<iA[k,m]=A=0
Vi<jAm<kAA=Iij
VE<SmANi<y
A Ny C [k, m] A size(Ny, m — k + 1)
A Ny C [i,§] A size(Ny,j — i +1)
A un(Ny, A, Ny)

(U1o)

(U1)

(U12)

Figure 9: Rewrite rules for un-constraints (second)
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If A:Set; k,m,i,7,p,q:Int; A% [,] then:

un(A, [k, m],[i,j]) — (Uts)
J<iA[k,m]=A=0
Vi<jAm<kAA=I[ij]
VE<mANi<]j
A Ny C [k, m] A size(Ny,m — k + 1)
A Ny C [i,§] A size(Ny,j — i +1)
A un(A, Ny, Ny)

un([k, m], [i,5], [p, q]) = (U4)
(m <k Ali,j]=[p,q])
V(i <iAn[k,m]=p,q])
VE<mAI<jAE<iNi<m+1Am<jAp=kAqg=])
VEkE<mAiIi<jAE<iANi<m+1Aj<mAp=kAqg=m)
VE<mAI<jANI<kEANE<j4+1AmM<jADpD=iAg=})
VE<S<mAI<jAI<kEANE<j+1IAj<mAD=iAg=m)

Figure 10: Rewrite rules for un-constraints (third)

Irreducible form:

) un(A, B, C), A and B distinct variables.
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4.3 Disjointness

Syntaz: ty || ta.
Informal semantics: if t; and ty are sets, then & Nty = 0.
Rewrite rules: see Fig. 11.

If z,y:U; A, B:Set; k,m,4,7 : Int then:
0| A— true
Al 0 — true
A|lA—=A=0
{zuB}|A—2¢ANA|B
All{zuB} >z¢ ANA| B
{zuvA}||{yuB}—=ax#yrna¢BAry¢ ANA| B
k,m] || [i,5] > m<kVi<ivV(k<mAi<jAn(m<iVj<k))
A || [k, m] — [k, m] || A
[k,m] | A—
m<kV(k<mANCI[k,m]A size(N,m —k+1) AN || A)

Figure 11: Rewrite rules for ||-constraints (disjointness)

Irreducible form:

e A| B, Aand B distinct variables.
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4.4 Size (set cardinality)

Syntazx: size(ty, tz).
Informal semantics: if ¢ is a set and ¢ is an integer term, then {5 is the cardinality of ;.
Rewrite rules: see Fig. 12.

If x:U; A:Set; k, m,p : Int then:
size(@,m) > m =0 (4.1)
size(A,0) = A =10 (4.2)

If e is a compound arithmetic expression:
size(A,e) — size(A,n) A\n=eAN0<n (4.3)
size({xu A}, m) —
g AANm=1+nA size(A,n) NO<n (4.4)
VA={zuN}Az ¢ N A size(N,m)

size([k,m],p) > (m<kAp=0)V(k<mAp=m-—k+1) (4.5)

Figure 12: Rewrite rules for size-constraints

Irreducible forms:

e size(A, ¢), ¢ constant integer number, ¢ Z 0

15



4.5 Subset

Syntaz: t; C to.
Informal semantics: if t; and t; are sets, then ¢, is a subset of t5.
Rewrite rules: see Fig. 13.

If z,2;,y,y; : U; A, B : Set; k, m : Int then:
AQA%true
0 CA— true
ACO—>A=0
{zu A} C 0 — false
{z1,..., 2, uA} CA— un({z1,..., 2, u A}, A A)
{qu}gB—>
B:{:z:uN}/\Ag{xuN}
{a1,..., 2 0 A} C{y1, .., Yymu A} —
wun({zy, ..., 20 UAY {1, ym 0 AN {1, Ym U A})

{ruvA}C{yuB} —
r=yANAC{yuB}
Ver#£yANz e BANAC{yuB}

{zuvA}Clk,m]|=k<z<mAACk, m]
[k,m]CA—m<kVNCAAsize(N,m—k+1)

[k,m]Cli,jlom<kVi<kAm<j

Figure 13: Rewrite rules for C-constraints

Irreducible forms:
o A C B, A and B distinct variables
e AC{yuB}.

e A C [k,m] and either k or m are variables

16




4.6 Intersection

Syntazx: inters(ty, to, t3).
Informal semantics: if t;, to and t3 are sets, then t3 = t; N t5.
Rewrite rules: see Fig. 14-15.

Ifz:U; A, B,C :Set; k,m,4,7 : Int then:

inters(A,A,B) - A= B (4.17)
inters(0,B,C) — C =10 (4.18)
inters(A,0,C) — C =10 (4.19)
inters(A, B,0) - A || B (4.20)
IfB¢V:

inters({z u A}, B, C) — (4.21)

z€BAC={xuNy} Ainters(A, B, N;) V & ¢ B A inters(A, B, O)

IfB¢V:

inters(B,{zu A}, C) — (4.22)

z€BAC={zuNy)} A inters(A, B, Ns)
V z ¢ B A inters(A, B, C)
If A 7_é ['a ] and B 7_é ['a ]
inters(A, B,{zu C}) — (4.23)
A={zu N} ANB={zu N} Ainters(Ny, N3, C)

(4.24)

Figure 14: Rewrite rules for inters-constraints
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If A,B, C :Set; k,m,i,7 : Int then:

inters([k, m],[i,4], C) —
j<inC=0
Vi<kNC=10
Vm<iANC=0
vm<kAC=10 (4.25)
VE<iAni<mAm<jAC=]i,m]
Vi<kAk<jAj<mAC=][kj]
VE<mAiIi<jAk<iNj<mAC=][ij]
VE<mAi<jAi<kAm<jAC=lkm]

IfC¢Vor(A¢Vand B¢V):

. . . . 4.26
inters(A, B, C') = un(C, N1, A) A un(C, Noy B) A Ny || Ny (4.26)

Figure 15: Rewrite rules for inters-constraints (second)

Irreducible forms:
e inters(A, B, C'), A and B are not the same variable

e inters(A, B, C'), A and B are not the same variable

18



4.7 Difference

Syntaz: diff (t1, ta, t3).
Informal semantics: if ty, t; and t3 are sets, then &3 = t; \ to.
Rewrite rules: see Fig. 16.

If A, B, C : Set then:
diff (A, B, C) —

4.27
un(C, A, A) ANun(B,C,N) ANun(A,N,N)AB | C (4.27)

Figure 16: Rewrite rules for diff-constraints

Irreducible form: none.
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5 Rewrite rules for (positive) relational constraints

5.1 Identity

Syntax: id(ty, t2).

Informal semantics: if t; is a set and {5 is a binary relation, then # is the identity relation
over set ;.

Rewrite rules: see Fig. 17.

If R, A: Set; z,y, ,yi, a; : U then:
id(R,R) = R=10 (idy)
id(0,R) - R=10 (id2)
id(A,0) = A=10 (id3)
id({ay,...,a, R}, R) — false (idy)
id(R,{(z1,11), - (Tn, yn) U R}) — false (ids)
id({ay,...,anu R}, {(z1,01), -, (Zomy Ym) U R}) — (ido)

id({ay, -, an}, (@1 11), -y (Toms ym) D) A R =10
id({zuA},R) = R={(z,z) uN} Aid(A,N) (id7)
id(A,{(z,y)uR}) =z =y AA={zuN}Aid(N,R) (ids)

Figure 17: Rewrite rules for id-constraints

Irreducible form:

e id(A,R), A and R distinct variables.
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5.2 Inverse

Syntaz: inv(ty, ta).
Informal semantics: if ¢; and ty are binary relations, then #; = ;7.
Rewrite rules: see Fig. 18.

If R, S :Set; x,y, z;, yi, a;, b; : U then:

inv(R,0) - R=10 (17)
inv(0,8) — S =10 (27)
z'm/(R,{(a:l,yl),...,(xn,yn)uR}) — (39)
R= {(z1,91), (g1, 2) u N} A ino(N, {(22, y2), - -, (20, Yn) UNT})
inv({(z1, 91)s -+, (Tn, yn) U S}, S) — (47)

S = {(z1, 1), (1, 21) u N} Ainv({(22, ¥2), .- -, (Tn, yn) U N}, N)

inv({(z1, %), - (Tn, yn) 0 R}, {(ar, b1), -, (am, bm) U R}) —
{(y1,z) u N1} ={(a1,b1),..., (am, bw)}
A un(R, Ny, Ny) A inv({(22, ¥2), - - -, (Zn, yn) U R}, N3)
V (g1, 21) € {(a1, 1), -, (am, b))} A (@1, 91) € {(a1, 1), -, (@, bin) }
AR ={(z1, ), (g1, 21) UN} A (g1, 21) ¢ {(@1,91), -5 (Tn, ) }
Adinv({(22,y2)y oy (T, yn) u N}, {(a1,b1), ..., (am, bm) U N})
VA{(y1, m) u N3} = {(22,92), -+, (Tn, Yn) } A un(N, N3, Ny)
A inv(Ng, {(a1, b1), ..., (@m, b)) U N}))
V(y1, 1) & {(a1,01), .- -, (am, b)}
A(z1,11) u Ns} ={(a1,b1), ..., (am, bm)}
AR ={(y1,m)uN} Aun(N,Ns, Ng)
A ino({(z2, 2), - -+ (Zn, yn) U N }, No)

(57)
inv(R,{(y,z)uS}) = R={(z,y) u N} A inv(N,S) (6™)
inv({(z,y)u R}, S) — S ={(y,z) u N} A inv(R, N) (7)

Figure 18: Rewrite rules for inv-constraints

Irreducible form:
o inv(R,S).
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5.3 Composition

Syntazx: comp(ty, ta, t3).
Informal semantics: if t;, t, and t3 are binary relations, then t3 = #; o t5.
Rewrite rules: see Fig. 19.

If Q,R,S, T:Set; Q#£0; t,u,x,z: U then:

comp(0,S,T) — T =10

comp(R,0, T) - T =0

comp({(z,u)}, {(t,2)}, T) = (u=t AT ={(z,2)) V(u £t A T =0)
comp({(z,u) u R}, {(t,2) uS},0) —

uFt

A comp({(z,u)}, S,0) A comp(R, {(t,2)},0) A comp(R, S, D)
comp({(z,t)u R}, {(u,2)u S}, T) —

comp({(z, )}, {(u, 2)}, N1)

A comp({(z, 1)}, S, No) A comp(R, {(u,2)}, N3)

A comp(R, S, Ny)

A un(Ny, No, N3, Ny, T)

comp(R,S,{(z,z)uT}) —
un(Ng, Ny, R) A un(N,, Ny, S)
N, ={(z,n)uN;} AN, ={(n,z) u Na}
A comp({(z,z)}, N1, N1) A comp(Na, {(z, 2)}, No)
A comp(Ng, Ngi, N3) A comp(Nyi, Ny, Ng) A comp(Nyt, Nsi, Ns)
A un(Ns, Ny, N5, T)

(o5)

Figure 19: Rewrite rules for comp-constraints

Irreducible forms:
o comp(R,8,T), S#0
o comp(R,8,T), R#0
(R, S,0)
o comp(R,S,0)

e comp
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5.4 Domain

Syntaz: dom(ty, ts).

Informal semantics: if t; is a binary relation and ¢, is a set, then t; = dom #;.

Rewrite rules: see Fig. 20.

If R,A:Set; z,y : U then:

dom(R,R) - R=10

dom(R,0) — R =10

dom (D, A) - A=10

dom(R,{z u A}) = un(Ny, Na, R) A dom(Ny, {z}) A dom(Ny, A)
dom(R, {z})} = comp({(z,z)}, R,R) AR #0

dom({(z,y)u R}, A) = A = {z LNy} A dom(R, Ny)

Figure 20: Rewrite rules for dom-constraints

Irreducible form:

e dom(R, A), R and A distinct variables.
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5.5 Range
Syntazx: ran(ty, ta).

Informal semantics: if t; is a binary relation and ¢ is a set, then t; = ran t;.

Rewrite rules: see Fig. 21.

If R,A:Set; z,y : U then:
ran(R,R) — R = ()
ran(R,0) - R =10
ran(0, A) — A=10

ran(R, {y})} = comp(R, {(y,y)}, R) N R #0

(
(
(
ran(R, {y u A}) = un(Ny, Na, R) A ran(Ny, {y}) A ran(Na, A)
(
ran({(z,y) u R}, A) — A = {y u N} A ran(R, Ny)

Figure 21: Rewrite rules for ran-constraints

Irreducible form:

e ran(R, A), R and A distinct variables.
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5.6 Other relational constraints

The following are relational constraints that can be expressed as BR-formulas (i.e. by
quantifier-free first order formulas). For each of them there is just a single rewrite rule
replacing the constraint with the corresponding BR-formula.

IfR,S, T,A B,C,f:Set; z,y : U then:
ran(R, A) — inv(R, N) A dom(N, A) (5.1)
dres(A,R,S) — (5.2)
un(S, N1, R) A dom(S, Na) A No C A A dom(Ny, N3) A A || N3 )
rres(R, A, S) — (5.3)
un(S, N1, R) A ran(S, Na) A No C A A ran(Ny, N3) A A || N3 '
dares(A, R, S) — (5.4)
dres(A,R, T) Nun(S, T, R)ANS || T '
rares(R, A, S) — (5.5)
rres(R, A, T) Nun(S, T,R)ANS || T '
rimg(R, A, B) — dres(A, R, N) A ran(N, B) (5.6)
oplus(R, S, T) — dom(S, N1) A dares(Ny, R, N2) A un(Na, S, T) (5.7)
apply(f, z,y) = (2,y) € f A pfun(f) (5.8)
cp(A, B, R) =
dom(Ny, A) A ran(Ny, N2) A No C {n} (5.9)
A dom(Na, B) A ran(Na, N3) A N3 C {n} )
A inv(Na, Ny) A comp(Ny, Ny, R)

Figure 22: Rewrite rules for other relational constraints
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5.7 Specialized rewrite rules for partial functions

The rewrite rules specialized for partial functions are listed in Figures 28 to 24.

Domain of partial functions

Syntax: dom(t, t2).

Informal semantics: if ¢, is a partial function and t, is a set, then {; = dom ;.

Rewrite rules: see Fig. 23.

If f,A:Set; x,y : U then:

dom(f,f) = f =0

dom(f,0) = f =10

dom(D,A) - A=10

dom(f,{zuA}) = f = {(z,n)u N} A dom(N, A)
(

dom({(z,y)uf},A) > A={zu N} A dom(f,N)

Figure 23: Rewrite rules for dom-constraints over partial functions

Irreducible form:

e dom(f,A), f and A distinct variables.
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Composition of partial functions

Syntax: comp(ty, to, t3).
Informal semantics: if t;, t, and t3 are partial functions, then t3 = #; o t,.
Rewrite rules: see Fig. 24.

Iff,g,h, A:Set; z,y,2z: U then:

comp(0,g,h) — h =

comp(f,0,h) — h =

comp(f,g,0) — ran(f, N1) A dom(g, N2) A Ny || Ny
comp({(z,y) uf}, g, h)} —

g={(y,n) U N} A b ={(z,n)u Na} A comp(f, g, N2)
V- dom(g, N\) Ay & Ny A comp(f, g, h)

comp(f, g, {(#2) L 1})
f =A@ m) o Ni} A g ={(n,2) 0 No} A comp(My, g, h)

Figure 24: Rewrite rules for comp-constraints over partial functions

Irreducible forms:

o comp(f,g,h), g #0.
o comp(f,g,h), f #0.
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6 Rewrite rules for sort constraints

Sort constraint pair

Syntax: pair(t).
Informal semantics: t is a pair.
Rewrite rules: see Fig. 25.

If ¢ : U then:

pair(t) = t = (n, n2) (pairy)

Figure 25: Rewrite rules for pair-constraints

Irreducible form: none.

Sort constraint set

Syntax: set(t).
Informal semantics: t is a set.
Rewrite rules: see Fig. 26.

If A:Set; t1,k,m:U; & : O then:

Figure 26: Rewrite rules for set-constraints

Irreducible form:

o set(x).
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Sort constraint rel

Syntax: rel(t).
Informal semantics: if t is a set, then ¢ is a binary relation.
Rewrite rules: see Fig. 27.

If R: Set; t,k, m : U then:

rel(() — true (¢>1)
rel({t u R}) — ¢t = (m1, n2) A rel(R) (¢>2)
rel([k,m]) —» m < k (¢>3)
Figure 27: Rewrite rules for rel-constraints
Irreducible form:
o rel(%).

Sort constraint pfun

Syntax: pfun(t).

Informal semantics: if t is a set, then ¢ is a partial function.

Rewrite rules: see Fig. 28.

If f: Set; ¢,k, m : U then:

pfun(0) — true (—+4)
pfun({tuf}) =t = (n1,n2) A comp({(n1,m)}, f,0) A pfun(f) (#5)
pfun([k,m]) = m <k (+56)

Figure 28: Rewrite rules for pfun-constraints

Irreducible form:

o pfun(i).
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Sort constraint npair

Syntax: npair(t).
Informal semantics: t is not a pair.
Rewrite rules: see Figure 29.

If ta,..ytn, f(t1,. . tn) : U, n >0 then:

npair((t1, t2)) — false

If f # (-, ):impair(f(ti, ..., tn)) — true
If n 2 2:npair(f(t1,...,t,)) — true

(pairy)
(pairy)
(pairy)

Figure 29: Rewrite rules for negative pair-constraints

Irreducible forms:

e npair().

Sort constraint nset

Syntax: nset(t).
Informal semantics: t is not a set.
Rewrite rules: see Figures 30 and 29.

If A:Set; t1,k,m:U; ty : O then:
0) — false
{ti u A}) — false

nset(tz) — true

[k, m]) — ninteger(k) V ninteger(m)

Figure 30: Rewrite rules for negative set-constraints

Irreducible forms:

e nset(x).
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Sort constraints nrel and npfun

Syntax: nrel(t), npfun(t).
Informal semantics: t is not a relation, ¢ is not a partial function.
Rewrite rules: see Fig. 37.

If R,S,T,A,f:Set then:

nrel(R) — n € R A npair(n)

npfun(f) — (n1,n2) € f A (n1,n3) € f A ng # ng V nrel(f)

Figure 31: Rewrite rules for negative relational base constraints

Irreducible forms: none.
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7 Rewrite rules for negative set constraints

7.1 Not membership
Syntax: t ¢ to.

Informal semantics: if t is a set, then #; is not a member of t.

Rewrite rules: see Fig. 32.

If z,y:U; A:Set; k, m : Int then:
z ¢ 0 — true
z¢{yuvAt>z#ynz¢ A

If A€ vars(z):z ¢ A — true

z ¢ [k, m] — ninteger(z) Vo <kVm<z

Figure 32: Rewrite rules for ¢-constraints

Irreducible form:

o i ¢ A and A does not occur in ¢.
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7.2 Not union

Syntazx: nun(ty, t, t3).
Informal semantics: if t1, to and t3 are sets, then t3 #£ ¢ U to.
Rewrite rules: see Fig. 33.

If A, B, C : Set then:

nun(4, B, C) —
NeCANN¢ANNEB
(Uis)
VNeAANNGEC
VNeEBANEC
Figure 33: Rewrite rules for negative un-constraints
Irreducible form: none.
Not disjoint
Syntaz: ty | to.
Informal semantics: if t; and ty are sets, then t; Nty # 0.
Rewrite rules: see Fig. 34.
If A, B : Set then:

Figure 34: Rewrite rules for negative ||-constraints
Irreducible form: none.

Not size (not set cardinality)

Syntax: nsize(ty, ta).

Informal semantics: if t; is a set and 1y is an integer term, then ¢y is not the cardinality of
t.

Rewrite rules: see Fig. 35.
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If A:Set; k, m,p : Int then:
nsize([k,m],p) > (M <kAp#0)V(k<mAp#m-—k+1)

nsize(A,p) — size(A,n) An#p

Figure 35: Rewrite rules for negative size-constraints

Irreducible form: none.
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7.3 Other negative set constraints

It R,S, T,A,B,C,f : Set then:
nsubset(A,B) - n€ AAn¢ B (7.1)
ninters(A, B, C) —
neCAN(ngAVn¢gB) (7.2)
VvneAAneBAng¢C
ndiff (A, B, C) —
neCAn¢gAvVvne CANRERB (7.3)
vn¢g CAneAAn¢B

Figure 36: Rewrite rules for other negative set constraints

Irreducible form: none.
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8 Rewrite rules for negative relational constraints

If R, S, T,A: Set then:

ndom(R, A) —
(m,n) ERAN ¢ A
Vg€ AN comp({(ni,n1)}, R,0)
V nrel(R)

ninv(R, S) —
(n1,m2) € RA (n2,ma) ¢ S
V(n,n2) ¢ RA(ng,n) €8
V nrel(R) V nrel(S)

ncomp(R, S, T) —
(n1,m2) € RA(ng,n3) € S A (ny,n3) ¢ T
V(ni,mg) e T
A comp({(n1,m)}, R, Nq)
A comp(S, {(n3,n3)}, Na) A comp(Ny, Na, 0)
V nrel(R) V nrel(S) V nrel(T)

nid(A, f) —
m € AN (n,n) ¢ f
Vi & AN (ni,m) € f
Vg £ ng A(ng,ne) €f
vV n € f A npair(n)

(domlg)

(012)

(id13)

Figure 37: Rewrite rules for negative relational constraints

Irreducible form: none.
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If R,S,T,A B,C,f: Set then:

nran(R, A) —
(n1,me) ERANg & A
Vg € AN comp(R,{(n1,n1)},0)
V nrel(R)

ndres(A, R, S) —
(n,m2) €S AN ¢ A
V(ni,ng) € SA(n,ne) ¢ R
V(ni,ng) ERAm € AN (ny,n) ¢S
V nrel(R) V nrel(S)

nrres(R, A, S) —
(n,n2) € SANy ¢ A
V(ni,ng) € SA(n,ne) ¢ R
V(ni,ng) €ERAng € AN (ny,n) ¢S
V nrel(R) V nrel(S)

ndares(A, R, S) —
(n,m)€SAmeA
V(ni,ng) € SA(n,ne) ¢ R
Vi(ni,n) € RAm ¢ AN (ni,ng) ¢S
V nrel(R) V nrel(S)

nrares(R, A, S) —
(ni,me) € SAmng €A
V(m,ng) € SA(n,ne) ¢ R
V(n,na) € RAng ¢ AN (n1,m) ¢S
V nrel(R) V nrel(S)

napply(f,z,y) — (z,y) & f V npfun(f)

(8.1)

(8.4)

Figure 38: Rewrite rules for negative relational constraints—cont’d
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If R,S,T,A B,C,f: Set then:

nrimg(R, A, B) —
n1 € B Aid(A, Nv) A comp(Ny, R, N3) A comp(Na,{(n1,m1)},0)
V& BA(ng,m) €ERAng €A
V nrel(R)

(8.8)

noplus(R, S, T) —
(nl,ng) e TN (nl,ng) ¢ S A (nl,ng) ¢ R
V (nl, TLQ) € T
A\ (nl, ng) ¢ S
A (m,n2) € R A comp({(n1,n1)},S,{(m,n3) uN})
V(n,ne) ¢ TA(ny,me) €8
V(ni,ne) & T A (ni,ne) € RA comp({(n1,m1)},S,0)
V nrel(R) V nrel(S) V nrel(T)

nep(A, B, R) —
ny 6A/\TL2€B/\(TL1,TL2)¢R (810)
\/(’I’L1¢A\/TLQ¢B)/\(TL1,712)€R

Figure 39: Rewrite rules for negative relational constraints—cont’d
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9 The solver

The global organization of the solver for Ly}, called SATYy.,, is shown in Algorithm 1.

Algorithm 1 The SAT( solver. ® is the input formula.

® « sort_infer(®);
O + gen_size_leq(D);
repeat
P O;
® <« remove_neq(step_loop(P))
until & = @’; [end of main loop]
let ® be &5 A (I)QH;
let 5 be 1 A Do;
if ®c() # true then
return step_loop(solve_sizeminsol (P1) A P2 A Oc[y)
else
return solve_size(®1) A Dy
end if
procedure step_loop(P)
repeat
D’
® « STEP(®) [STEP is a key procedure]
until & = @’
return ¢
end procedure

After the main loop, @ is divided into ®c[j and ®g: @ is a conjunction of constraints
of the form X C [p, g] where p or ¢ are variables; ®g is the rest of ®. In turn, g is divided
into @1 and ®5: ®; contains all the integer constraints and all the un, || and size constraints,
and @ is the rest of g (i.e., ¢-constraints, and = and # constraints not involving integer
terms?).

Procedure sort_infer
The procedure sort_infer applies all possible sort inference rules (see Sect. 2) to all con-
straints occurring in the input formula ®.

Procedure gen_size_leq

gen_size_leq simply adds integer constraints to the input formula ® to force the second
argument of size-constraints in ® to be non-negative integers.

f in ® there are size constraints and in ®5 there are constraints beyond ¢,=,#, e.g. relational
constraints, then @ it’s outside the decision procedure and thus the answer returned by SATY y is unreliable.
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Procedure remove_neq

The procedure remove_neq deals with the elimination of #-constraints involving set vari-
ables. The rewrite rules applied by remove_neq are described by the generic rule scheme
of Figure 40.

If X € Vge; t:U; @ is the input formula then:

If X occurs as an argument of a constraint m(...) in ®,
m € {un, C, inters, id, inv, comp}, X # t — (#15)
(mneXAngt)VinetAng X)V(X=0At#£0)

Figure 40: Rule scheme for #-constraint elimination

Remark 2 The third disjunct in the rule scheme of Figure 40 is necessary when t is a
non-set term (in particular, when t is a variable which is subsequently bound to a non-set
term). In this case the second disjunct is false while the first disjunct forces X to contain
an element n; so we would miss the solution X = () which conversely is obtained through
the third disjunct.

Procedure STEP

The key part of the solver SATY.y is the procedure STEP. STEP is a function that takes as
its input a {-}-formula ® and returns a new {-}-formula ®'. The overall structure of STEP
is shown in Figure 41.
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STEP(®) :
let be ® V- --- VP, n>1;

9.16
V STEPy(®5) o
V STEP(®,,);
STEPy (D) :
for all w in IT: @ + rw,(P); (9.17)

® + sort_check(sort_infer(®));

return &;

Figure 41: The procedure STEP

where ® — STEPy(®1) V --- V STEPy(®,) generalizes the definition of rewrite rule
given in Section 1 by allowing the left-hand side to be any {-}-formula; hence, ® is
non-deterministically rewritten to any of the formulas resulting from calling STEP(®;),
1€ 1l.n.

Procedure solve_size

solve_size is the adaptation of the decision procedure proposed by C. Zarba? for cardinality
(size) constraints to our CLP framework. Both STEP and solve_size use the SWI-Prolog
CLP(Q) library to solve linear integer arithmetic problems. These problems may be part
of @ or they are generated during set processing. CLP(Q) provides the library predicate
bb_inf? to implement a decision procedure for linear integer arithmetic. Besides, solve_size
uses a SAT solver implemented in Prolog by Howe and King? to solve a key aspect of Zarba’s
algorithm. solve_sizeminsol(P1) is the call to solve_size in minimal solution mode, i.e., asking
solve_size to compute the minimal solution of formula ®;—which in turn is implemented
with a suitable call to bb_inf.

2C. G. Zarba, Combining sets with integers, in: A. Armando (Ed.), Fron- tiers of Combining Systems,
4th International Workshop, FroCoS 2002, Santa Margherita Ligure, Italy, April 8-10, 2002, Proceedings,
Vol. 2309 of Lecture Notes in Computer Science, Springer, 2002, pp. 103-116. doi:10.1007/3-540-45988-
X_9. URL https://doi.org/10.1007/3-540-45988-X_9

3bb_inf( Vars, Expr, Min, Vert) finds the vertex (Vert) of the minimum (Min) of the expression Ezpr
subjected to the integer constraints present in the constraint store and assuming all the variables in Vars
take integers values.

4J. M. Howe, A. King, A pearl on SAT and SMT solving in Prolog, Theor. Comput. Sci. 435 (2012)
43-55. doi:10.1016/j.tcs.2012.02.024. URL https://doi.org/10.1016/j.tcs.2012.02.024
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Generic procedure rw;

The procedure rw, (see Figure 42) is a generic procedure, parametric with respect to the
{-}-constraint predicate symbol 7. For each 7w € II, rw, implements a rewriting procedure
for m. rw, takes as its input a {-}-formula ® and returns a new {-}-formula ®" which is
obtained from ® by repeatedly applying to it all possible rewrite rules for 7. A rewrite
rule C — @ is applicable to a constraint D if D matches C'. Applying an applicable rule
C — ® to a constraint D occurring in a formula W causes D to be replaced by ® in V.

rw, (P) :
if ® contains false then return false;
else
repeat
select any 7-constraint c in ®; (9-1)
apply any applicable rewrite rule to ¢
until there is no applicable rule for any w-constraint in ®;

return ©;

Figure 42: Rewriting procedure for m-constraints

Note that if any of the rewrite rules called within STEP rewrites its input constraint to
false, then the whole formula ® is rewritten to false. In this case, a fixpoint is immediately
detected, since STEP(false) returns false.

Procedure sort_check

The procedure sort_check applies the rewrite rules for sort checking to all possible pairs
of sort constraints in ®. If no pair exists for which the rules apply, then ® is returned
unchanged. Otherwise ® is rewritten to false. The rewrite rules applied by sort_check are
described by the generic rule scheme of Figure 43.

Let p be a predicate symbol in {set, rel, pfun}. If z € V then:

nset(z) A p(z) — false (setg)

Figure 43: Rule scheme for sort consistency checking
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